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Abstract
We study supersymmetric boundary conditions in three-dimensional N = 2
Landau-Ginzburg models and Abelian gauge theories. In the Landau-Ginzburg
model the boundary conditions that preserve (1, 1) supersymmetry (A-type)
and (2, 0) supersymmetry (B-type) on the boundary are classified in terms of
subspaces of the target space (“brane”). An A-type brane is a Lagrangian
submanifold on which the imaginary part of the superpotential is constant, while
a B-type brane is a holomorphic submanifold on which the superpotential is
constant. We also consider the N = 2 Maxwell theory with boundary and
the Abelian duality. Finally we make some comments on N = 2 SQED with
boundary condition and the mirror symmetry.
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1 Introduction
Quantum field theories with boundaries are worth investigating since they often play
important roles in various fields of physics. One of the most interesting ones is a
boundary CFT description of D-branes. In particular supersymmetric boundaries of
two-dimensionalN = (2, 2) quantum field theories have been well studied because they
are good probes in the study of mirror symmetry [1, 2]. More recently supersymmetric
boundary conditions in four-dimensional N = 4 super Yang-Mills theories and their
relation to S-duality have been examined by [3, 4, 5].
It is also interesting to study supersymmetric boundary conditions in three-dimensional
supersymmetric field theories. One of the most attractive motivations is that it will
provide a description of M5-branes in terms of the boundary condition of M2-brane
theories [6, 7, 8, 9]. It will also be a useful tool to investigate various dualities in three
2
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Figure 1: The theory defined in x2 ≥ 0 half-space. x2 = 0 gives the boundary and we
consider the supersymmetric boundary conditions on this.
dimensions such as mirror symmetry [10, 11, 12, 13, 14] and 3d-3d correspondence
[15, 16, 17, 18].
In this paper, we focus on 1/2 BPS boundary conditions of N = 2 supersymmetric
theories in three dimensions. There are two possibilities of the preserved supersymme-
try (SUSY), N = (1, 1) and N = (2, 0), as classified in [8]. We call them “A-type” and
“B-type” respectively in this paper since they are analogs of the A-type and B-type
boundary conditions in two-dimensional N = (2, 2) theories. We consider supersym-
metric field theories on the flat half spacetime R1,1 × R+ for simplicity. Here R1,1 is
parametrized by the time coordinate x0 and the spatial coordinate x1. R+ is an infinite
half line x2 ≥ 0 (see Figure 1). Our way to examine boundary conditions is to check
whether the component of the SUSY current orthogonal to the boundary J2 vanishes,
as done in [3].
Let us summarize the results in this paper. We first consider the N = 2 Landau-
Ginzburg theory. We employ the brane picture in the same way as in the two-
dimensional case. In some sense, our brane is understood as the extended objects
upon which membranes can end 3. An A-type brane (A-brane) is a Lagrangian sub-
manifold on which the imaginary part of the superpotential is constant, while a B-type
brane (B-brane) is a holomorphic submanifold on which the superpotential is constant.
Second we explore 1/2 BPS boundary conditions in N = 2 pure Maxwell theory.
This theory is dual to a free field theory which contains a chiral multiplet. We find a
few classes of A-type and B-type boundary conditions and interpret them in the free
chiral multiplet theory. The results are completely consistent with the analysis of the
Landau-Ginzburg theory.
3Here we use the term “membrane” in a broad meaning. We do not claim that our membrane is
the same as that considered in M-theory.
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Finally we consider 1/2 BPS boundary conditions in N = 2 supersymmetric
quantum electrodynamics (SQED). This theory is supposed to be dual to a Landau-
Ginzburg model called “the XYZ model” [11, 12]. We conjecture an example of mirror
symmetry with boundary and give an evidence in the picture of the moduli space.
Although we find the nontrivial solutions of supersymmetric boundary conditions
in three-dimensional N = 2 theories, these are not complete. In the two-dimensional
contexts, it was discussed that we may also couple bulk theories to boundary degrees of
freedom by introducing massless vector bosons, Chan-Paton spaces and so on [19]. To
complete our analysis, we should take three-dimensional analogs into account. They
are extremely interesting, but will be deferred to future work.
The organization of this paper is as follows. In section 2 we determine the super-
symmetric boundary conditions for three-dimensional N = 2 Landau-Ginzburg model.
In section 3 we derive the supersymmetric boundary conditions for three-dimensional
N = 2 pure Maxwell theory. Then we consider the duality between pure Maxwell
theory and chiral matter theory. In section 4 we also present the supersymmetric
boundary conditions in 3-dimensional N = 2 SQED. Finally section 5 concludes with
a discussion of the relating problems and future works. The Appendixes contain our
notations and some useful formulae in three-dimensional N = 2 field theories.
2 Landau-Ginzburg model
In this section we discuss Landau-Ginzburg models in three dimensions. We find
supersymmetric boundary conditions that preserve half of the supersymmetry and
show that the subspace of the sigma model arises as Lagrangian submanifolds or
holomorphic submanifolds.
Let us consider the Landau-Ginzburg model which has n chiral superfields Φi(i =
1, · · · , n). See the Appendixes for the detail of the convention. The Lagrangian is
L = K(Φ, Φ¯)|−θθθ¯θ¯ +W (Φ)|θθ + W¯ (Φ¯)|−θ¯θ¯. (2.1)
Here K(Φ, Φ¯) is the Ka¨hler potential and W (Φ) is the superpotential.
The Ka¨hler potential term is expressed in component fields as
K|−θθθ¯θ¯ =Kij¯F iF¯ j¯ +
1
2
Kij¯k¯F
i(ψ¯j¯ψ¯k¯)− 1
2
Kijk¯F¯
k¯(ψiψj)− 1
4
Kijk¯l¯(ψ
iψjψ¯k¯ψ¯ l¯)
−Kij¯∂µφi∂µφ¯j¯ −
i
2
Kij¯ψ¯
j¯σµ∂µψ
i − i
2
Kij¯ψ
iσµ∂µψ¯
j¯
− i
2
Kijk¯(∂µφ
i)(ψ¯k¯σµψj) +
i
2
Kijk¯(∂µφ¯
j¯)(ψ¯k¯σµψi), (2.2)
where we use the abbreviation Kij¯ :=
∂2K
∂φi∂φ¯j¯
and so on.
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On the other hand, the contribution from superpotential is
W |θθ + W¯ |−θ¯θ¯ = F iWi −
1
2
(ψiψj)Wij + (c.c.), (2.3)
where (c.c.) denotes the complex conjugation. We also use the abbreviations Wi :=
∂W
∂φi
,Wij :=
∂2W
∂φi∂φj
.
The supersymmetry transformation of this system is expressed as
δφi =
√
2ψi, (2.4)
δψi =
√
2iγµ¯∂µφ
i +
√
2F i, (2.5)
δF i =
√
2i¯σµ∂µψ
i, (2.6)
δφ¯i¯ = −
√
2¯ψ¯i¯, (2.7)
δψ¯i¯ = −
√
2iγµ∂µφ¯
i¯ +
√
2¯F¯ i¯, (2.8)
δF¯ i¯ =
√
2iσµ∂µψ¯
i¯. (2.9)
We can calculate the supercurrents 4
Jµ = −
√
2Kij¯(∂
µφ¯j¯)ψi +
√
2Kij¯(∂νφ¯
j¯)γµνψi −
√
2iγµψ¯i¯W¯i¯,
J¯µ = −
√
2Kij¯(∂
µφi)ψ¯j¯ +
√
2Kij¯(∂νφ
i)γµνψ¯j¯ +
√
2iγµψiWi. (2.10)
Here we investigate this system in the half-space x2 ≥ 0. We restrict ourselves to
the case without boundary terms or boundary degrees of freedom almost throughout
this paper. Then the equations of motion give nontrivial constraints on the boundary
conditions. Let us use the capital label I which takes values of both i and i¯. The
target space metric gIJ is defined as
gij¯ = gj¯i = Kij¯, gij = gi¯j¯ = 0. (2.11)
The boundary term coming from the bosonic term becomes
δSB,bdy =
∫
d2xgIJδφ
I∂2φ
J . (2.12)
We can use the target space brane picture in the same way as the string theory. See
Figures. 2 and 3. The target space vector δφI is tangent to the brane by definition.
We should impose the boundary condition in which the boundary term (2.12) vanishes
4An improvement transformation may give rise to some ambiguity to determine the
supercurrents[20]. Understanding their effects may create an interesting problem. We thank Yu
Nakayama for discussions on these points.
5
for an arbitrary tangent vector δφI . Thus the target space vector ∂2φ
I is normal to
the brane.
On the other hand the fermionic boundary term becomes
δSF,bdy =
∫
d2x
i
2
gIJδψ
Iσ2ψJ . (2.13)
We impose the boundary condition
γ2ψI = SIJψ
J (2.14)
with a φ dependent matrix SIJ . (γ
2)2 = 1 leads to the constraint
SIJS
J
K = δ
I
K . (2.15)
We require the boundary term (2.13) to vanish. Then another constraint on SIJ is
obtained
gIJS
I
KS
J
L = gKL. (2.16)
Let us turn to the supersymmetry of the boundary condition. A boundary con-
dition preserves supersymmetry if and only if the component of the SUSY current
normal to the boundary vanishes. Thus supersymmetric boundary condition satisfies
0 = J2 − ¯J¯2, (2.17)
for a certain class of . There are two kinds of choices of  for 1/2 BPS boundary as
considered in [8]
(A) γ2 = ¯, N = (1, 1) type,
(B) γ2 = , N = (2, 0) type. (2.18)
We call them A-type and B-type, respectively, in this paper. They are actually anal-
ogous to the A-type and B-type boundary conditions in two-dimensional N = (2, 2)
theories.
With the SUSY currents expressions (2.10), the SUSY condition (2.17) becomes
0 = −Kij¯(∂2φ¯j¯)(ψi) +Kij¯(∂νφ¯j¯)(Cγ2νψi)− i(σ2ψ¯i¯)W¯i¯
+Kij¯(∂
2φi)(¯ψ¯j¯)−Kij¯(∂νφi)(¯Cγ2νψ¯j¯)− i(¯σ2ψi)Wi. (2.19)
Let us see the geometric meaning of this condition for A-type and B-type.
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2.1 A-type γ2 = ¯
Now we want to discuss the brane of an A-type boundary condition. We call it “A-
brane.” Here we will show that an A-brane is a Lagrangian submanifold on which
ImW is constant. This result is similar to the two-dimensional case [2].
It is natural to employ the ansatz for the boundary condition for the fermions
γ2ψi = Sij¯ψ¯
j¯. (2.20)
Here Sij¯ is a φ dependent matrix. Then the matrix S
I
J in Eq. (2.14) becomes
SIJ =
(
0 S ∗¯ij
Sij¯ 0
)
. (2.21)
Before going, we introduce some useful expressions. We introduce the target space
vectors vI and wIa, a = 0, 1 as
vI :=
ψi (I = i)−¯ψ¯i¯ (I = i¯) wIa :=
¯σaψi (I = i)−σaψ¯i¯ (I = i¯) . (2.22)
Then the condition (2.19) is rewritten as
0 = −gIJ∂2φIvJ − gIJ∂aφIwJa + iWivi − iW¯i¯v¯i¯, where a = 0, 1. (2.23)
The above condition is satisfied by the ansatz5:
gIJ∂2φ
IvJ = 0, (2.24)
gIJ∂aφ
IwJa = 0, (2.25)
iWiv
i − iW¯i¯v¯i¯ = 0, where a = 0, 1. (2.26)
Since ∂2φ
I is normal to the brane and ∂aφ
I is tangent to the brane, first two con-
ditions imply that vI is tangent to the brane and that wIa is normal to the brane
respectively as shown in Fig. 2. The third condition implies that the imaginary part
of the superpotential ImW is constant on the brane.
Let us define the Ka¨hler form of the target space ωIJ
ωIJ :=

ωij¯ = iKij¯ (I = i, J = j¯)
ωi¯j = −iKi¯j (I = i¯, J = j)
0 (otherwise)
(2.27)
In order to show that the brane is a Lagrangian submanifold, we should check that
5We could not find any other solutions without boundary terms, although we could not prove this
is the only solution. If some boundary terms are included, we may have other solutions.
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A-brane	
membrane	
target space	
Figure 2: Membrane, shown in blue, ending on the A-brane, shown in green. They
live in the target space. vI is parallel to the tangent direction and wJa is in the normal
direction of the A-brane.
1. The real dimension of the submanifold is n in the complex n-dimensional target
space.
2. For two arbitrary tangent vectors vI and v′I
ωIJv
Iv
′J = 0, (2.28)
are satisfied.
Let us check these propositions one by one.
First, notice that from the definition (2.22),
SIJv
J = vJ ,
SIJw
Ja = −wJa (2.29)
are satisfied. In other words tangent vectors and normal vectors are eigen vectors of
S with eigenvalues 1 and −1 respectively. On the other hand S2 = 1 and Tr(S) = 0
are satisfied because of Eqs. (2.15), (2.21) respectively. Thus the (2n) × (2n) matrix
S has real n-dimensional eigenspace with eigenvalue +1. In other words the A-brane
is real n dimensions.
The second one is shown as follows. Eq. (2.16) is written in this case as
Kij¯S
i
k¯S
∗j¯
l = Klk¯. (2.30)
By using this relation the left-hand side of the relation (2.28) is rewritten as
ωIJv
Iv′J = i
(
Kij¯v
iv¯
′j¯ −Ki¯j(S∗ i¯kvk)(Sj l¯v¯′ l¯)
)
= 0. (2.31)
This is the relation (2.28). As a result we have shown that an A-brane is a Lagrangian
submanifold.
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2.2 B-type γ2 = 
Next let us turn to the brane of B-type boundary condition. We call it “B-brane”
(see Figure 3). We will show that a B-brane is a holomorphic submanifold on which
superpotential W is constant. This is also similar to the two-dimensional B-type
boundary condition[2].
It is natural to put the ansatz for the boundary condition for the fermions
γ2ψi = Rijψ
j, (2.32)
where Rij is a φ dependent matrix. Then S
I
J in Eq. (2.14) becomes
SIJ =
(
Rij 0
0 R∗ i¯ j¯
)
. (2.33)
Here we define uI , zIa, (a = 0, 1) as
uI :=
i¯ψi (I = i)iψ¯i¯ (I = i¯) zIa :=
σaψi (I = i)−¯σaψ¯i¯ (I = i¯) . (2.34)
Then the supersymmetric boundary condition is rewritten as
0 = −gIJ(∂2φI)vJ − gIJ(∂aφI)zJa − i(ψ¯i¯)(R∗)i¯ j¯W¯i¯ − i(¯ψj)RijWi, (2.35)
which is satisfied by the ansatz
gIJ∂2φ
IvJ = 0, (2.36)
gIJ∂aφ
IzJa = 0, where a = 0, 1, (2.37)
uiWi + u¯
i¯W¯i¯ = 0. (2.38)
The first condition and second one imply that the target space vector vI is tangent to
the brane and that zIa is normal to the brane respectively.
Now we would like to show that a B-brane is a holomorphic submanifold. It is
necessary and sufficient to show
ωIJv
IzJa = 0 (2.39)
for an arbitrary tangent vector vI and an arbitrary normal vector zJa. From the
definitions (2.22) and (2.34), the relations
vI = −SIJvJ , (2.40)
zIa = SIJz
Ja (2.41)
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B-brane	
membrane	
target space	
Figure 3: Membrane, shown in blue ending on the B-brane, shown in orange. They
live in the target space. vI is in the tangent direction and zJa is in the normal direction
of B-brane.
are obtained. In other words, the tangent space is the eigenspace of S with eigenvalue
−1, and the normal space is that with eigenvalue +1. The relation (2.16) reads in this
B-type ansatz
Kij¯R
∗j¯
k¯R
i
l = Kk¯l. (2.42)
By using this equation and Eq. (2.41) the left-hand side of Eq. (2.39) is rewritten as
i(−Kij¯RikvkR∗j¯ l¯z¯ l¯a −Ki¯jR∗¯ik¯v¯k¯Rj lzla) = 0. (2.43)
Thus the relation (2.39) is satisfied and we can conclude that the B-brane is a holo-
morphic submanifold.
Next let us turn to show that the superpotential is constant on the B-brane. The
target space vector uI , defined in Eq. (2.34) satisfies
SIJu
J = −uI . (2.44)
In other words uI is a eigenvector with eigenvalue −1 and therefore uI is a tangent
vector. As a result Eq. (2.38) implies W is constant on the B-brane.
10
3 Pure Maxwell theory
3.1 Review of the abelian duality
In this section we study three-dimensional N = 2 pure Abelian gauge theory. The
supersymmetric Lagrangian of the vector multiplet is given by
Lgauge = − 1
e2
Σ2|−θθθ¯θ¯
=
1
e2
(
−1
4
FµνF
µν − iλ¯σµ∂µλ− 1
2
∂µσ∂µσ +
1
2
D2
)
, (3.1)
where we denote the gauge coupling constant by e. Σ is the linear multiplet defined
by Σ = − i
2
D¯DV . For the detail of the convention, see the Appendixes.
Let us first review the duality between pure Abelian gauge theory and massless
free theory. As discussed in [12], let us start with the action
S =
∫
d3x
∫
d4θ
(
− 1
e2
Σ2 + Σ(Φ + Φ¯)
)
, (3.2)
where Σ is a general real superfield and Φ is a chiral superfield. The fermion integral∫
d4θ picks up the coefficient of (−θθθ¯θ¯). Two dual theories may be thought of as two
choices of variables in path integral. In other words, we can interpret such dualities
as Legendre transformations.
If we integrate out Φ and Φ¯, we obtain constraints D¯2Σ = 0 and D2Σ = 0, which
mean that Σ is a linear multiplet. Thus this leads to pure Maxwell theory if we
integrate out Φ and Φ¯.
On the other hand, we can integrate out Σ first. This integral can be performed
by solving the equation of motion for Σ and substituting Σ in the action (3.2) with
this classical solution. The classical equation of motion is given by
Σ =
e2
2
(Φ + Φ¯). (3.3)
By substituting this in the action, we can rewrite the action as a functional of Φ and
Φ¯:
S =
e2
2
∫
d3x
∫
d4θΦ¯Φ (3.4)
Now this gives chiral matter theory characterized by the Ka¨hler potential K = e
2
2
Φ¯Φ.
Let us see the duality transformation in components. By expanding (3.3), we
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obtain the following dictionary:
σ = e2(Reφ) (3.5)
Gµ :=
1
2
µνρF
νρ = e2∂µ(Imφ) =: ∂µρ (3.6)
λ =
e2√
2
ψ¯ (3.7)
λ¯ =
e2√
2
ψ. (3.8)
The relation (3.6) shows that Imφ is the dual photon. It is also convenient to define
ρ := e2Imφ. Then σ + iρ is the holomorphic coordinate. From charge quantization,
we see that ρ is periodic:
ρ ∼ ρ+ e
2
2
. (3.9)
3.2 Supersymmetric boundary conditions
In Wess-Zumino gauge, the SUSY transformation for the component fields of the vector
multiplet are
δAµ = iσµλ+ iσµλ¯,
δσ = λ¯− ¯λ,
δλ¯ = −i¯D − 1
2
γµν ¯Fµν + iγ
µ¯∂µσ,
δλ = iD − 1
2
γµνFµν − iγµ∂µσ,
δD = −σµ∂µλ¯+ ¯σµ∂µλ. (3.10)
Given the above Lagrangian and the SUSY transformation, we can calculate su-
percurrents as
Jµ = −iF µνγνλ¯+ i
2
µρσλ¯Fρσ + γ
µνλ¯∂νσ − λ¯∂µσ,
J¯µ = +iF µνγνλ− i
2
µρσλFρσ + γ
µνλ∂νσ − λ∂µσ. (3.11)
Then the supersymmetric boundary condition for vector multiplet is given by
0 = J2 − ¯J¯2
= −iF 2a(σaλ¯) + i(λ¯)F01 + (Cγ2aλ¯)∂aσ − (λ¯)∂2σ
− iF 2a(¯σaλ) + i(¯λ)F01 − (¯Cγ2aλ)∂aσ + (¯λ)∂2σ, where a = 0, 1. (3.12)
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We focus on the case without boundary terms or boundary degrees of freedom in
this paper, except the boundary theta term:
Sϑ =
ϑ
2pi
∫
x2=0
dx0dx1F01. (3.13)
This theta term corresponds to the shift for the value of dual photon at the boundary
in the dual picture as pointed out in [21]. In order to see this we begin by defining the
reference point ρ0 as
ρ0 := 〈ρ(x)〉0 =
∫
Dρρ(x)eiS0 , (3.14)
where
S0 = − 1
2e2
∫
d3x∂µρ∂
µρ, (3.15)
which is the kinetic term of ρ determined by (3.3). This boundary term (3.13) is
written in terms of the dual photon ρ:
Sϑ =
ϑ
2pi
∫
dx0dx1∂2ρ. (3.16)
Using S0 + Sϑ instead of S0, we obtain
ρϑ := 〈ρ(x)〉ϑ = ρ0 + e
2
4pi
ϑ. (3.17)
From this result we can also see the periodicity of ρ by ϑ whose domain is 0 ≤ ϑ < 2pi.
This correspondence is also explained by the usual dualization procedure including
appropriate boundary terms. In two dimensions with boundary this have been done
in [22] and it is straightforward to extend it to three dimensions.6
This Abelian duality is an analog of T-duality in two-dimensions. For example the
boundary theta term is the analog of the Wilson line in two-dimensions whose dual is
the position of the D-brane. One may think that this three-dimensional abelian duality
exchanges an A-brane and a B-brane from the analogy of two-dimensions. However
it is not true. An A-brane and a B-brane in three-dimensions preserve different type
of supersymmetry. They are N = (1, 1) and N = (2, 0) on the boundary respectively.
Thus an A-brane and a B-brane cannot be dual to each other. The dual of an A-brane
is an A-brane, and that of a B-brane is a B-brane.
We consider in this paper several examples of boundary conditions with simple
ansatze and see the duality, instead of the general classification of the boundary con-
ditions. Let us examine the A-type (N = (1, 1) type) and the B-type (N = (2, 0)
type) [8] boundary conditions.
6We would like to thank Kentaro Hori for explanation.
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3.2.1 A-type γ2 = ¯
We put the ansatz
γ2λ = eiαλ¯ (3.18)
with a real parameter α. Then the condition (3.12) is rewritten as
0 = 2ie−
iα
2 σaλ
(
cos
α
2
Ga + sin
α
2
∂aσ
)
+ 2e−
iα
2 σ2λ
(
sin
α
2
G2 − cos α
2
∂2σ
)
, where a = 0, 1, (3.19)
where Gµ is the dual strength of the gauge field defined by Gµ := 1
2
µρηFρη. To satisfy
the above condition, we should require that
cos
α
2
Ga + sin
α
2
∂aσ = 0,
sin
α
2
G2 − cos α
2
∂2σ = 0, where a = 0, 1. (3.20)
Note that we have theta term contribution (3.13) except when α = pi.
Let us see this boundary condition in the dual picture. (3.20) become
∂a
(
cos
α
2
ρ+ sin
α
2
σ
)
= 0,
∂2
(
sin
α
2
ρ− cos α
2
σ
)
= 0, where a = 0, 1. (3.21)
Since the first condition is interpreted as Dirichlet-type condition, these conditions can
be shown as in Figure 4. These branes are actually Lagrangian submanifolds on the
cylinder and consistent with the analysis in the section 2.
(a) α = 0 (b) α = pi (c) 0 < α < pi
(d) Expansion of the σ-ρ plane.
Figure 4: A-type boundary conditions for ρ and σ. The angle α in a σ-ρ plane can be
identified with the phase appearing in the action of γ2 on λ.
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3.2.2 B-type γ2 = 
Here we consider two ansatze
γ2λ = +λ, (3.22)
and
γ2λ = −λ. (3.23)
We call these ansatze (BI) and (BII) respectively.
(BI) γ2λ = +λ
Noting that λ = 0, (3.12) becomes
0 = −σa(iF2aλ¯+ ∂aσγ2λ)− ¯σa(iF2aλ− ∂aσγ2λ). (3.24)
Therefore we obtain the conditions:
Ga = 0,
∂aσ = 0, where a = 0, 1 (3.25)
The first condition is Neumann-type condition for gauge field Aa because it leads
to F2a = 0, a = 0, 1. The second one is Dirichlet one for scalar σ. This brane is
a point on the cylinder and a holomorphic submanifold. This is consistent with
the analysis of section 2. We can also introduce the theta term contribution
(3.13) which expresses the position in the ρ direction.
Let us see this boundary condition in the dual picture. (3.25) is expressed as
∂aρ = 0,
∂aσ = 0, where a = 0, 1. (3.26)
Now both conditions can be understood as Dirichlet-type conditions for σ and
ρ. The configurations are illustrated in Figure 5.
Figure 5: BI-type boundary conditions for σ and ρ. One imposes Dirichlet boundary
condition on both σ and ρ. The configuration can be expressed as a point in a σ-ρ
plane.
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(BII) γ2λ = −λ
Since we have the relation σaλ = 0, a = 0, 1, the condition (3.12) is simplified
as
0 = λ¯ (iF01 − ∂2σ) + ¯λ (iF01 + ∂2σ) . (3.27)
This leads to the condition
G2 = 0,
∂2σ = 0. (3.28)
In this case the first condition is Dirichlet boundary condition for gauge field
Aa, a = 0, 1 since it requires that F01 = 0. On the other hand, the second one is
Neumann condition for scalar σ. Notice that in this case we have no theta term
because F01 = 0.
Let us see this brane in the dual picture. (3.28) is rewritten as
∂2ρ = 0
∂2σ = 0. (3.29)
In this case both of these are Neumann conditions. These are explained in Figure
6. This brane is also a holomorphic submanifold and consistent with the analysis
of section 2. This brane extends to the ρ direction and thus consistent with the
fact that the boundary does not admit the theta term.
Figure 6: BII-type boundary conditions for σ and ρ. One imposes Neumann condition
on both σ and ρ. The configuration can be expressed as the entire σ-ρ plane.
4 SQED
4.1 Boundary condition of SQED
Now we want to discuss three-dimensional N = 2 supersymmetric electrodynamics
(SQED). In this case, in addition to the vector multiplet V , we need to introduce
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charged chiral superfields Φ+ and Φ−, whose charges are +1 and −1 respectively. The
Lagrangian of SQED is given by
LQED =
[
1
e2
Σ2 − Φ¯+e−2V Φ+ − Φ¯−e2V Φ−
] ∣∣∣
−θθθ¯θ¯
=
1
e2
(
−1
4
FµνF
µν − iλ¯σµ∂µλ− 1
2
∂µσ∂µσ +
1
2
D2
)
−Dµφ¯+Dµφ+ − iψ¯+σµDµψ+ + F¯+F+
− iσ(ψ¯+ψ+)−
√
2iφ+(ψ¯+λ¯)−
√
2iφ¯+(ψ+λ)− φ¯+φ+D − φ¯+φ+σ2
−Dµφ¯−Dµφ− − iψ¯−σµDµψ− + F¯−F−
+ iσ(ψ¯−ψ−) +
√
2iφ−(ψ¯−λ¯) +
√
2iφ¯−(ψ−λ) + φ¯−φ−D − φ¯−φ−σ2. (4.1)
Here we define the covariant derivatives as
Dµφ± := ∂µφ± ∓ iAµφ±, Dµψ± := ∂µψ± ∓ iAµψ±
Dµφ¯± := ∂µφ¯± ± iAµφ¯±, Dµψ¯± := ∂µψ¯± ± iAµψ¯±. (4.2)
In Wess-Zumino gauge, the supersymmetric transformation for the chiral multiplet
is given by
δφ± =
√
2ψ±,
δψ± =
√
2iγµDµφ± +
√
2F± ∓
√
2i¯σφ±,
δF± =
√
2i¯σµDµψ± ± 2i(¯λ¯)φ± ±
√
2i(¯ψ±)σ. (4.3)
Then supercurrents for SQED are calculated as
JQED
µ = −iF µνγνλ¯+ i
2
ρσµλ¯Fρσ + γ
µνλ¯∂νσ − λ¯∂µσ
−
√
2Dµφ¯+ψ+ − φ¯+φ+γµλ¯+
√
2Dνφ¯+γ
µνψ+ −
√
2σφ¯+γ
µψ+
−
√
2Dµφ¯−ψ− + φ¯−φ−γµλ¯+
√
2Dνφ¯−γµνψ− +
√
2σφ¯−γµψ−,
J¯QED
µ = iF µνγνλ− i
2
ρσµλFρσ + γ
µνλ∂νσ − λ∂µσ
−
√
2Dµφ¯+ψ¯+ − φ¯+φ+γµλ+
√
2Dνφ¯+γ
µνψ¯+ −
√
2σφ¯+γ
µψ¯+
−
√
2Dµφ−ψ¯− + φ¯−φ−γµλ+
√
2Dνφ−γµνψ− +
√
2σφ−γµψ¯−. (4.4)
Thus we obtain the supersymmetric boundary condition for SQED:
0 = J2QED − ¯J¯2QED
= −iF 2a(σaλ¯) + i(λ¯)F01 + (Cγ2aλ¯)∂aσ − (λ¯)∂2σ
−
√
2D2φ¯+(ψ+)− φ¯+φ+(σ2λ¯) +
√
2Daφ¯+(Cγ
2aψ+)−
√
2σφ¯+(σ2ψ+)
−
√
2D2φ¯−(ψ−) + φ¯−φ−(σ2λ¯) +
√
2Daφ¯−(Cγ2aψ−) +
√
2σφ¯−(σ2ψ−)
+ (c.c.) where a = 0, 1. (4.5)
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0	
Figure 7: The moduli space of SQED and the XYZ model. It contains three branches.
They are the Higgs branch, the Coulomb branch with σ > 0 and the Coulomb branch
σ < 0 in terms of SQED. They are X = Y = 0, Z = X = 0 and Y = Z = 0 in terms
of the XYZ model. The example of the brane (4.6) is indicated by the red region. It
fills the Coulomb branch. It is the same as Z = 0 region in the moduli space of the
XYZ model.
Here is an example of B-type boundary condition (γ2 = ):
γ2ψ± = ψ±, γ2λ = −λ, φ± = 0, ∂2σ = F01 = 0. (4.6)
We will not pursue the full classification of the boundary conditions in this paper.
Instead let us discuss the mirror symmetry for the above example of the boundary
condition.
4.2 Mirror symmetry and boundary
The SQED considered above is conjectured to be equivalent to “the XYZ model” in
the low energy limit. The XYZ model contains three chiral superfields X, Y, Z with
the superpotential
W = XY Z. (4.7)
This equivalence is called “mirror symmetry.” One piece of evidence is that the moduli
space of vacua of SQED coincides with that of the XYZ model[11, 12]. See Figure 7.
Let us consider how a boundary condition of SQED is mapped to the XYZ model.
Notice that the mirror symmetry in three-dimensions does not exchange an A-brane
and a B-brane. An A-brane and a B-brane preserve N = (1, 1) SUSY and N =
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(2, 0) SUSY respectively in 3-dimensions. Thus an A-brane and a B-brane cannot be
mirror to each other. This is one of the differences between two-dimensions and three-
dimensions. In two-dimensional field theories with boundary, both A-type and B-type
preserve N = 2 on the boundary. Thus an A-brane can be mirror to a B-brane.
Here we conjecture that the B-type boundary (4.6) in SQED corresponds to the
B-brane in the XYZ model described by the hypersurface
Z = 0. (4.8)
This brane is an holomorphic submanifold and the superpotential W = 0 =(constant)
on its world volume. Thus this boundary condition preserves B-type SUSY from the
analysis of section 2.
An evidence for this correspondence is the location of the brane in the moduli
space. In both sides the brane fills two branches out of three. In the SQED side
these two branches are Coulomb branches. Actually the boundary condition (4.6) is
Neumann to the Coulomb branch direction spanned by σ and the “dual photon” ρ,
while it does not extend to the Higgs branch as seen from φ± = 0. In the XYZ model
side Z = 0 brane fills the two branches out of three as seen in Figure 7.
For a B-type boundary a superconformal index is also defined in the same way as
[23, 24, 25]. It will be an interesting future work to calculate the superconformal index
with boundary and check whether the SQED result and the XYZ model result agree
with each other.
5 Conclusion and Discussion
In this paper, we provided supersymmetric boundary conditions in three-dimensional
N = 2 Landau-Ginzburg model and Abelian gauge theories. We analyzed the Abelian
duality of the boundary conditions between pure Maxwell theory and chiral matter
theory. Our result revealed the exact correspondence in terms of supersymmetric
boundary conditions. Furthermore we investigated supersymmetric boundary condi-
tions in N = 2 SQED, which is supposed to be dual to XYZ model. We made a
conjecture on the mirror dual of an example of B-type boundary condition.
One can expect many possible applications and future directions related to our
analysis. It will be a very interesting future problem to calculate the superconformal
index with a boundary to check the mirror symmetry. As discussed in [3], supersym-
metric boundary conditions can be identified with BPS domain walls by using the
folding trick. A related calculation of the index in the presence of a domain wall in
four dimensions has been done in [26]. It also seems to be an interesting problem to
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calculate the partition functions of the N = 2 theory on other spaces with boundary
such as hemispheres and hemiellipsoids by localization [27, 28]. In particular it should
be fruitful to investigate the boundary c-theorem proposed by [29]
Another interesting future work is to investigate the role of boundaries or domain
walls in 3d-3d correspondence[15, 16, 17, 18]. We expect that 2d SUSY and 4d-
non-SUSY versions of AGT relations might be found by investigating the duality
domain walls in three-dimensional N = 2 theories. Recent work in [30] is in the same
direction, in which (2, 0) supersymmetry, B-type boundary condition is chosen on the
two-dimensional boundary.
Also we would like to understand these results in string theory. In [31, 32], they
discuss three-dimensional mirror symmetries by using string theory. It is natural to
think of our problems including boundary in such constructions.
Moreover, in our construction, we have (2, 0) and (1, 1) supersymmetry on the two-
dimensional boundary. So far there are few examples of mirror symmetries for such
theories. Our constructions can be useful to explore them.
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A Spinors
In this appendix, we give our notations and useful formulas in three-dimensionalN = 2
theories. We use the metric ηµν = η
µν = diag(−1, 1, 1) and 2× 2 γµ matrices satisfy
{γµ, γν} = 2ηµν . (A.1)
γ0 is taken as anti-Hermitian and γ1 and γ2 as Hermitian.
We introduce C matrix C, which has the following properties:
C† = C−1, CT = −C, (Cγµ)T = Cγµ (A.2)
Two-component spinors ψα with upper or lower indices transform under C:
ψα := Cαβψ
β, ψα = (C−1)αβψβ. (A.3)
20
We use the following summation convention:
(χψ) := χαψα = χ
αCαβψ
β, (γµψ)α = γµαβψ
β, (Cγµψ)α = (Cγ
µ)αβψ
β. (A.4)
We define σ-matrices as
σµ := Cγµ, (A.5)
and use the summation expression ξσµψ := ξα(Cγµ)αβψ
β.
We define charge conjugation by
ψ¯α := (C(γ0)T )αβ(ψ
β)∗. (A.6)
Here are useful spinor formulas:
ξψ = ψξ, ξσµψ = −ψσµξ,
ψσµψ = 0, ψCγµνχ = −χCγµνψ, (A.7)
(ξψ)† = −ψ¯ξ¯, (ξσµψ)† = ψ¯σµξ¯ = −ξ¯σµψ¯, (A.8)
θαθβ =
1
2
Cαβθθ, θ
αθβ = −1
2
(C−1)αβθθ, (A.9)
(θψ)(θχ) = −1
2
(θθ)(ψχ), (A.10)
(θσµχ)(θψ) = −1
2
θθψσµχ, (A.11)
θσµθ¯θσν θ¯ =
1
2
θθθ¯θ¯ηµν , (A.12)
−1
2
(χλ)(ψξ)− 1
2
(χσµλ)(ψσµξ) = (χξ)(ψλ), (A.13)
CγµC−1 = −γµT , CγµTC−1 = −γµ. (A.14)
where ψ, ξ, θ, λ are two-component spinors.
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B Superspace
We introduce three-dimensional N = 2 superspace coordinates (xµ, θα, θ¯α), transform-
ing as xµ → xµ − iσµθ¯ − i¯σµθ, θ → θ +  and θ¯ → θ¯ + ¯ under the supersymmetry
transformations. We also define the following supersymmetric derivatives:
Qα :=
∂
∂θα
− i(σµθ¯)α∂µ, (B.1)
Qα := −
∂
∂θ¯α
+ i(σµθ)α∂µ, (B.2)
Dα :=
∂
∂θα
+ i(σµθ¯)α∂µ, (B.3)
Dα := − ∂
∂θ¯α
− i(σµθ)α∂µ. (B.4)
They have the anticommutation relations
{Qα, Qβ} = 2iσµαβ∂µ, {Dα, Dβ} = −2iσµαβ∂µ, (B.5)
with all the other anticommutators vanishing. The supersymmetry transformation of
a superfield Φ(x, θ, θ¯) is expressed as
δΦ(x, θ, θ¯) = (Q− ¯Q)Φ. (B.6)
C Superfield
C.1 Chiral superfield
Chiral superfield Φ(x, θ, θ¯) is defined as
DαΦ = 0. (C.1)
Using yµ := xµ + iθσµθ¯, we obtain the component field representations:
Φ = Φ(y, θ)
= φ(y) +
√
2θψ(y) + θθF (y)
= φ(x) + iθσµθ¯∂µφ(x)− 1
4
θθθ¯θ¯∂2φ(x) +
√
2θψ(x) +
i√
2
(θθ)(θ¯σµ∂µψ(x)) + θθF (x).
(C.2)
Antichiral superfield Φ¯(x, θ, θ¯) with the constraint DαΦ¯ = 0 can be obtained from
(C.2) by conjugation:
Φ¯ = φ¯(x)− iθσµθ¯∂µφ¯(x)− 1
4
θθθ¯θ¯∂2φ¯(x)−
√
2θ¯ψ¯(x)− i√
2
(θ¯θ¯)(θσµ∂µψ¯(x))− θ¯θ¯F¯ (x).
(C.3)
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C.2 Vector superfield
Vector superfields satisfy the relation
V = V¯ . (C.4)
Choosing Wess-Zumino gauge we obtain the simple expression:
V = −θσµθ¯Aµ + iθθ¯σ − iθθθ¯λ¯+ iθ¯θ¯θλ+ 1
2
θθθ¯θ¯D(x). (C.5)
We can express field strength as a linear multiplet:
Σ := − i
2
D¯DV. (C.6)
In the component description, it is written as
Σ = σ + θλ¯− λθ¯ − i(θ¯θ)D + 1
2
(θ¯Cγµνθ)Fµν
− i
2
θθ(θ¯σµ∂µλ¯) +
i
2
θ¯θ¯(θσµ∂µλ) +
1
4
θθθ¯θ¯∂µ∂µσ. (C.7)
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